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ABSTRACT: Moativated by a desire for more efficient process modeling of composite structures, we
present two numerical techniques for the optimization of both setup issues and runtimes while still using
relatively complex congtitutive equations. Firstly, we consider the use of viscodlastic (VE) constitutive
equations for modeling the mechanical response of thermoset matrix composites during cure. We show
that a cure hardening linear elastic approach is a valid pseudo-viscodastic (PVE) approximation to the
hereditary integral-based viscoelastic solution offered in the literature. PVE formulations are
significantly more efficient and easier to implement than VE formulations and there is therefore a great
incentive to use them in process modeling. Secondly, we show that the implementation of specialy
constructed super elements in the thermo-chemica analysis provides similarly useful efficiencies, in this
case in setting up the problem and in runtimes.
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INTRODUCTION

Residual stresses are generated in polymer matrix composites during processing: with thermoset polymer
matrices, the main source of these residua stresses are the relative volume changes of the matrix, due to
both thermal and chemical effects, however, phenomena such as mechanica interaction with the tooling
during cure can aso contribute. The magnitudes of the residual stress are dependent on process
conditions as well as material properties, geometry, and lay-up of the laminate. Residua stresses are
undesirable, as they can lower the strength of the structure and cause geometric distortions.

There are alarge number of modelsin the literature, of varying degrees of complexity and sophistication,
which attempt to predict the development of residual stress and consequent deformation of a composite
structure. The simplest are analytica methods that provide insight and even quantitative solutions for
simple geometries or cure cycles, eg. [1]. However, for a comprehensive analysis there is need for a
numerical solution, nowadays typically a Finite Element Method (FEM) solution. Many researchers use
commercia finite element codes, with user defined subroutines where needed; others, such as our group,
have developed specia purpose FEM codes. in our case COMPRO [2]. Typicdly, there is a thermo-
chemical module, that solves the therma problem, including the complex applied boundary conditions
and the exothermic response of the matrix materia as it cures, a flow module that alows for resin flow
prior to gelation; and a stress/deformation module that allows for the buildup of stress due to thermal,
chemical, and mechanical interactions between the fibre, matrix, layers, and tooling and inserts.
COMPRO uses a two-dimensional finite element model to simulate the various phenomena that take
place during processing of composite structures. The software has been extensively used to model the
process-induced distortions in industrial size composite structural components.
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A major problem is that for even simple problems, afull three-dimensional, thermo-viscoelastic solution
can be very expensive: both in terms of characterizing the materias and accurately defining the initial and
boundary conditions and then in terms of computer run-times. There is therefore industrial interest in the
tradeoffs between complexity and accuracy.

In this paper, we present two numerical techniques that allow for an optimization of both setup issues and
runtimes while still using relatively complex constitutive equations. Firstly, we consider the use of
viscoelastic congtitutive equations for the mechanical response. We show that a cure hardening linear
elastic approach is a valid pseudo-viscoelastic approximation to the hereditary integral-based viscoelastic
solution first presented by Kim and White [3]. Secondly, we show that the implementation of higher
order elements in the thermo-chemica module provides similarly useful efficiencies, in this case in
setting up the problem and in runtimes.

CONSTITUTIVE MODEL

Numerous studies have been undertaken to develop appropriate constitutive models for the development
of residual stress during cure. The most sophisticated models have been based on the hereditary integral
form of viscoelagticity [3]. Simpler models have aso been implemented. Of interest here is the
simplified and numerically efficient constitutive model, the so-caled cure hardening instantaneously
linear elastic (CHILE) formulation within COMPRO, which accounts for the evolution of elastic
properties of the polymer with time and temperature during cure, but ignores the viscoelastic relaxation
behaviour [2]. This approach has been quite effective in predicting the distortions of many practical,
often complex, composite structures employed in the aerospace industry. However, to date the CHILE
approach has not been reconciled with the fundamentally more correct viscoelastic approach.

Here we compare the CHILE approach with the computationally intensive viscoelastic approach. It is
shown that if an appropriately calculated time or frequency is chosen, at which the elastic modulus of the
polymer is evaluated, the CHILE mode predictions for the uniaxia loading of a fully constrained block
of polymer undergoing a given cure cycle compare very well with those computed using the full
viscoelastic model.

Almost al the existing VE modelsin the literature use the following hereditary integral formulation:
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where a is the degree of cure and T is the temperature. Also, x and x¢ are the reduced time variables
defined as:
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in which ar is the shift factor facilitating time-temperature superposition and t¢ is a dummy time
integration variable.

In contrast, with the CHILE approach an elastic modulus, which is a function of temperature and degree
of cure, isused. The constitutive model for this case takes the following form:
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inwhich E ¢ isthe modulus of elasticity as afunction of temperature and degree of cure.

The materia truly shows viscoelastic behaviour, and thus in experimentally determining E ¢ a definition
of modulus is needed. This modulus can be defined as the viscoelastic relaxation modulus evaluated at a
certain time or the dynamic viscoelastic storage modulus at a certain frequency. In Reference [7], a
mathematical procedure has been used to find out the conditions under which the CHILE mode is
comparableto a VE formulation. Given some very reasonable assumptions, the VE integral formulations
can be smplified to yield the CHILE model. In redlity, the CHILE model, when calibrated as described
in [7], is a Pseudo-Viscoelastic (PVE) modd. It will be shown here that such a PVE model can yield
results close to those of a VE model, while being much easier to characterize, implement, and run for
practical cases.

The simplification procedure presented in [7] yields a time at which to evaluate the modulus so that it
matches the VE modulus. In brief, the form of the modulus response does not matter; the critical

variables are the shift factor and te reduced time. This is perhaps not surprising, as inspection of
Equations (1) and (3) shows clear similarities between them. The shift factor at the end of atypica cure
cycleis exponentialy larger than those during the cycle. Thisis areflection of the fact that temperature
has a large impact on the rate of relaxation of modulus. This causes the first reduced time in Equation (1)
become negligible compared to the second one, x¢. Therefore, the modulus will be only a function of the

dummy time, t, which in turn is only a function of the current temperature and degree of cure thus
making the VE formulation very similar in form to the PVE formulation. According to this procedure the
accuracy of the stresses increases towards the end of the cure cycle. However, the rate of change of the
shift factor is so high that the results at other times during the cycle will be accurate as well.

The simplification procedure outlined above results in atime at which to evaluate the modulus, but there
isagreat incentive to use a frequency-based model, since it corresponds to using a dynamic test with the
given frequency, a common method in polymer characterization. It will be shown that the values of
calculated moduli based on time and frequency correspond to one another and therefore the frequency-
based method can aso be used to predict the stresses accurately.

We claim only that the PVE/CHILE approximation works for a curing thermoset polymer undergoing
reasonably conventional cure cycles. However, it isimportant to note that the required assumptions cover
awide range of conventional cure cycles and are valid for most practica cure cycles. In the next section,
some numerical runs for a one-dimensional case study are used to compare CHILE/PVE and VE models.

Numerical Predictions

A one-dimensional constrained 3501-6 epoxy resin structure undergoing a cure cycle is considered. Both
cure shrinkage and thermal strains are included. The advancement of cureis also taken into account using
athermo-chemical model. The parameters are all based on the model in[3]. Here, the materia istaken
through a two-hold cure cycle, as shown in Figure 1. The stresses generated through the cure cycle are
caculated from both models and are presented in Figure 2. The CHILE/PVE results are based on
caculating the elastic modulus at a certain time from the relaxation modulus using different values of
time.
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Figure 1 Profiles of temperature and degree of cure in a two-hold cure cycle for 3501-6 resin.

Figure 2 shows that the PVE predictions agree very well with the VE predictions for an evaluation time of
3 minutes. The simplification procedure indicates that in this case atime of 3.07 min should have been
used. As can be seen, not only is the PVE prediction for an evaluation time of 3 min very good, but also
the predictions are not overly sensitive to the value.

It was mentioned that the time- and frequency-based formulations closely correlate. An approximate
relation between the moduli evaluated using the two methods is given in Reference [4] asfollows:
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Figure 2 Comparison of stress profiles for constant time Pseudo- and Viscoelastic models in a two-hold
cure cycle, 3501-6 resin.



An example is given here to show the validity of this correlation. Figure 3 presents residual stresses
predicted as resulting from a conventional one-hold cure cycle, calculated using both times and
frequencies. Thereisastrong correlation between the two sets of moduli, based on the previous equation.
As aresult, therefore, one can confidently choose an appropriate frequency prior to running the numerical
code.
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Figure 3 Correlation of time- and frequency-based PVE models based on residual stresses, one-hold
cycle with Typg= 180 °C, 3501-6 resin.

EFFICIENT DISCRETIZATION METHOD

In order to model process-induced deformations and stresses in complex three-dimensiona structuresiit is
necessary to have efficient computational techniques that do not require the full discretization of the
domain of the problem consisting of both the composite material and the process tool (mould). This will
not only lead to a dramatic reduction in computationa times but aso in data preparation and mesh
generation [5][6]. In the absence of such techniques, the composite structure will have to be modelled in
all three dimensions using brick elements leading to a huge computational effort both in mesh generation
and solution of equations.

Thermo-chemical analysisis an important step in the process modelling of thermoset polymer composites
as it deals with the quantification of the spatial and tempora distribution of the temperature and the
polymer degree of cure. Both these variables are responsible for the material property development of the
composite during processing and in turn drive the residual stresses and deformations that will be

generated.

To this end, a super finite element technique is presented here to provide an accurate and efficient
prediction of the temperature field at any time during the process cycle. The basic ideais to develop an
element that is capable of solving a 3D heat transfer problem in plate structures using an analytical series
approximation in the through thickness direction and a regular FE model in the plane of the plate. It can



be shown [8] that unless radical changes occur in the boundary conditions and/or excessive interna heat
is generated within the solid, the first few terms in the analytica series are sufficient to calculate the
through thickness distribution of temperature in the plate.

There follows a brief outline of the super element formulation, and corresponding results are presented for
the 2D thermo-chemica anaysis of a composite part in order to facilitate comparison of its accuracy and
efficiency with the full-blown finite element code, COMPRO. Similar concepts can be used to
mathematically construct a three-dimensional super element.
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Figure 4 Typical element used in our analysis (left) and the reduction of discretization in the FEM mesh
with the use of super elements (right)

Governing Equations

The governing equations for the thermo-chemical analysis of a 2-D orthotropic body as shown in Figure 4
consist of a partia differential equation (PDE) for heat transfer coupled with a cure kinetics equation that
describes the evolution of the degree of cure as follows:
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Inthe above, T denotes the temperature, r isthe density, C,, is the specific heat, k,, k, are the components

of thermal conductivity in the x and z directions, respectively, Hp, is the heat of reaction and a isthe
degree of cure.

In the proposed super element formulation, the temperature field is approximated in the following series
form:

T :a(x,t)z+b(x,t)+gV\/n(x,t)Zn(Z) (6)
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where Z is a trigonometric shape function which is sdected based on the operative homogeneous
boundary conditions (B.C.’s) at the top and bottom of the composite part; W is approximated using the
conventiona finite el ement method; and a and b are dependent on the non-homogeneous B.C.’s.

Using the Galerkin based weak formulation and FE discretization, we obtain the following system of
algebraic equations for the unknown nodal variables W, (or W in vector form):

FCNW +[(k, / LN+ (b, k, / d) N W +Q(t) =0 ©

whereN and NP are matrices that are cal culated from the integration of the in-plane shape functions and
spatial derivative of the element shape functions, respectively; b, isthei™ eigenvalue of the PDE and is
dependent onthe B.C., and Q is obtained from the weighted integral of the internal heat generation term.
The time integration in the above equation is carried out using a backward Euler finite difference scheme.

Numerical Verification Example

In order to verify the above technique we consider the case of a 60 mm-thick cross-ply carbon fibre-
reinforced AS4/8552 composite material undergoing the two-hold autoclave temperature cycle shown in
Figure 5. The problem is analysed using both the conventiona finite eement method (COMPRO) and
the current super element method. We consider the case where the temperature at the top and bottom
surfaces of the composite are specified to be distributed uniformly and follow the time histories shown in
Figure 5. It should be noted that these temperature profiles, which are used here as input to the super
element model, are obtained from the numerical heat transfer analysis (ussing COMPRO) of the combined
composite material and the tool subjected to the convective thermal boundary conditions (autoclave
temperature profile) imposed on al exterior surfaces.
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Figure 5 The autoclave temperature cycle as well as the temperature profiles applied to the top and
bottom surfaces of the composite material used for the numerical verification example.



In this study the cure kinetics modd isidentical to that used in [2] and the relevant material properties are
asfollows:

r =1581kg/m? C, =939 10% J/ kgK
k, =3.74W /[ mK k, = 04334 W / mK
H, =540 10° J/ kg V, =0427 (fibre volume fraction)

Appropriate ransverse shape functions are selected to satisfy the essential boundary conditions on the
upper and lower surfaces of the composite:

cos(iﬂi) i=2k-1
- 2d k=123,...

Figure 6 shows the temperature histories at the mid-surface of the composite as predicted by COMPRO
and the super element technique. Note that convergence of the finite element results is achieved with ten
4-noded isoparametric elements through the thickness while in the proposed super element method the
number of analytical terms that is used within each time step is adaptively controlled throughout the
analysis. Thisisshown graphically in Figure 6 where it can be seen that during the exothermic reaction a
maximum of 11 termsin the seriesis required to capture the steep temperature gradient leading up to the
peak temperature but at al other times the number of terms needed are considerably less. Figure 6 dso
shows that during this critical phase of the process cycle, the time step size for numerical integration has
to be significantly reduced to maintain solution accuracy. This applies to both the finite element and
super element methods identically.
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Figure 6 Temperature histories at the mid-surface of the composite part as predicted by COMPRO and
the super element technique. Also shown isthe variable number of analytical termsaswell as
the time step used in the super element method during the process cycle.



Clearly in the finite e ement method we need to generate afull 2D mesh, then refine it and run the code a
number of times to ensure that convergence is achieved. In so doing, the number of elements that are to
be used throughout the analysis are fixed and dictated by the rather fine mesh that is often needed to
capture rapid changes in temperature. The advantage of using andytical terms in the direction where
rapid changes in temperature and degree of cure are expected is that these terms can be judiciously added
or dropped as needed without having to re-mesh. The net result is a significant saving in complex mesh
generation and computational run times.

CONCLUSIONS

It has been shown elsewhere that a CHILE/PVE formulation is theoretically equivalent to a VE model for
constitutive modeling of composite materials undergoing curing for many conventional cure cycles. Here
we present a numerical case study that shows very good agreement between the VE and PVE predictions
in aone-dimensional case. Because of the correlation of time and frequency based PVE formulations,
both can be used in modeling. PVE formulations are significantly more efficient and easier to implement
than VE formulations and there is therefore a great incentive to use them.

In addition, a super element approach s introduced that removes the necessity of through thickness
meshing and is computationally more efficient than the conventiona finite element method in capturing
the details of the temporal distribution of temperature in a curing composite part. The number of terms
required in the super element method can change dynamically during the computation and increase only
when necessary.
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